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Abstract 

This is the first in a series of papers in which we develop a twistor-based method 
of constructing hyperkahler metrics from holomorphic functions and elliptic curves. 
As an application, we revisit the Atiyah-Hitchin manifold and derive in an explicit 
holomorphic coordinate basis closed-form formulas for, among other things, the metric, 
the holomorphic symplectic form and all three Kahler potentials. 
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Introduction 

The generalized Legendre transform (GLT) approach to constructing hyperkahler metrics 
emerged originally in the context of A/" = 2 supersymmetric sigma-models as the by-product 
of a superspace generalization of the Hodge duality between and 2-form gauge fields in 4 
dimensions |T]. The close connection between supersymmetric sigma-models and complex 
geometry became clear in [2] and in particular, the target space geometry of 4-dimensional 
sigma-models with TV = 2 supersymmetry was shown in [3J to be hyperkahler. 
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The natural mathematical setting of Lindstrom and Rocek's construction was recognized 
to be the theory of twistor spaces of hyperkahler manifolds . This is a classic generalization 
of Penrose's non-linear graviton construction [fS] and forms an integral part of Salamon's 
theory of twistor spaces of quaternionic-Kahler manifolds [6j. Every hyperkahler manifold 
possesses a 2-sphere's worth of holomorphic symplectic structures. The twistor space Z of 
a hyperkahler manifold M. can be viewed as a holomorphic fibration Z CP^, with the 
fiber over a generic point C e CP^ ^ being a copy of Ai endowed with the holomorphic 
symplectic structure corresponding to (. In the twistor space picture the GLT equations arise 
through a patching construction of a twisted holomorphic symplectic bundle over Z by means 
of twisted canonical transformations of type II. The metric information of the hyperkahler 
manifold is encoded in a single holomorphic function of one or several sections of 0(2j) 
bundles over Z that satisfy a reality condition with respect to the real structure induced on 
Z by antipodal conjugation on the sphere of complex structures. The Penrose transform of 
this function is a real function F of the parameters of the 0{2j) sections which satisfies a set 
of second order differential equations. A generalized Legendre-Fenchel transform of F yields 
both a Kahler potential of the hyperkahler manifold and a corresponding set of holomorphic 
coordinates. In this coordinate basis the components of the metric are given by the second 
derivatives of F and take the form of ratios of determinants of Hankel matrices. 

An alternative route to the GLT was proposed in [7j. It relies on the notion of twistor 
group and explains the GLT equations through a generalized hyperkahler quotient construc- 
tion. 

Many if not all the metrics constructed by means of the GLT based on 0{2j) sections 
can be interpreted as metrics on moduli spaces of monopoles. Two main approaches to 
constructing monopoles are used in the literature: Hitchin's twistor approach [B] E] and 
Nahm's equations [10]. In the twistor theory, a fc-monopole is equivalent to a degree k 
spectral curve on the tangent bundle of CP^ satisfying a set of conditions. Among other 
things, a certain line bundle over the curve is required to be trivial. This condition was 
shown by Ercolani and Sinha to be equivalent to an algebraic constraint [IT]. The moduli 
spaces of fc-monopoles are coordinatized in this frame by means of degree k based rational 
maps between Riemann spheres [L2l. On the other hand, Nahm's approach is an adaptation 
of the ADHM construction of instantons, replacing matrices by differential operators and 
the quadratic constraints on the matrices by non-linear ODE's for three k x k matrices. 
The solutions of these differential equations with certain boundary and regularity conditions 
correspond to monopole solutions of the Bogomol'nyi equations. In other words, the moduli 
spaces of solutions are the same. 

(9(2)-based generalized Legendre transform constructions of hyperkahler metrics have 
been extensively discussed in the literature. These constructions generalize the Gibbons- 
Hawking class of 4-dimensional hyperkahler metrics with a locally toric action [13], giving 4n- 
dimensional hyperkahler metrics with n commuting isometrics [H, fTTj. Prominent examples 
include the asymptotically locally Euclidean (ALE) and asymptotically locally flat (ALF) 
metrics of type An (multi-Eguchi-Hanson and multi-Taub-NUT) [13J and the 8-dimensional 
Swann bundle used by Calderbank and Pedersen to classify selfdual Einstein metrics with two 
commuting isometrics [15j and by Anguelova, Rocek and Vandoren to describe the geometry 
of the classical moduli space of the universal hypermultiplet in string theory compactifications 

m- 
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Comparatively, the study of (9(2j)-based constructions with j > 2 is less developed, due 
to inherent difficulties. Explicit forms of the metrics are known only in the rare cases when 
extraneous, usually symmetry-based arguments could be used to construct them. On the 
other hand, we have a much better understanding of the GLT holomorphic potentials. The 
2-monopole moduli space metric of Atiyah and Hitchin approaches asymptotically, up to 
exponentially suppressed corrections, a Taub-NUT metric with negative mass parameter 
|17] . The latter metric has a GLT description in terms of a real 0{2) section [TH]. This fact 
was exploited by Ivanov and Rocek to conjecture the form of the GLT holomorphic potential 
describing the Atiyah- Hit chin metric [19j. Specifically, this was obtained from the Taub- 
NUT potential by essentially replacing the 0{2) section with the square root of an 0{A) one. 
Later on, Houghton gave a rigorous justification of this procedure and generalized it in fact 
to monopoles with charge k within the frame of Hitchin's twistor approach to monopoles |20j . 
In a similar manner, the (9(2)-based GLT description of ALE and ALF spaces of type 
was used by Chalmers, Rocek and Wiles to put forward and test a conjectural holomorphic 
potential corresponding to the type Dn spaces [21]. Rigorous justifications along the hues 
of Nahm's and Hitchin's approaches to monopoles were provided subsequently by Cherkis, 
Hitchin and Kapustin [2^125]. 

In this and the following papers of this series [2HI25], we investigate in detail the 0(4)- 
based GLT constructions and develop in the process a generic approach that allows one to 
perform calculations explicit to a high degree. 

In sections [1] through [3] we review the theory of twistor spaces of hyperkahler manifolds 
and the GLT approach to constructing hyperkahler metrics, following mostly [H [26]. In 
section m we review the (9(2)-based constructions and, in particular, the construction of the 
Taub-NUT metric in the frame of the GLT, which was done for the ffist time in |1S]. In 
section [5] we begin a generic analysis of the 2-monopole spectral curve. In section [6] we 
complete the program started in |19] and apply the machinery developed in the previous 
section as well as in the Appendix (which is, for the most part, and advertisement for the 
use of Jacobi's elliptic integrals of the third kind in Weierstrass form) to construct explicitly 
the geometry of the Atiyah- Hit chin metric. 

1 Twistor spaces of hyperkahler manifolds 

We begin with a review of the theory of twistor spaces of hyperkahler manifolds [3]. Let 
be a hyperkahler manifold, with the standard triplet of complex structures Ji, J2, J3 
forming a quaternionic algebra 

where / is the identity endomorphism on the tangent bundle of Ai. These generate in fact a 
2-sphere's worth of complex structures on M.: for any unit vector ( ) G M , the linear 

combination Ji+x^ J2+x^ forms an integrable complex structure on M., compatible with 
the metric and Levi-Civita connection. In particular, the quaternionic algebra properties of 
Ji, J2, J3 guarantee that {x^Ji + x^J2 + x^J^)"^ = —I. Identifying the 2-sphere with the 
complex projective space CP^, one can describe it alternatively in terms of a set of two 
homogeneous coordinates, which we denote here by vr^, with A e {1,2}. The projective 
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and the extrinsic descriptions of the Riemann sphere are related through the stereographic 
projection 

= '^^'"^Y (1-2) 

where i G {1, 2, 3} is a Cartesian index, a* are the three standard 2x2 Pauh matrices and tia 
denotes the complex conjugate of -k^. Summation over repeated indices is assumed. Using 
for instance a completeness property of the Pauli matrices one can verify that 



E(^^)' = 1 (1-3) 



For further reference, let us also record here two other direct consequences of equation (II. 2p . 
namely 

dn^ ~ (7rc7r^)2 ^ • ' 

and 

■ dx^ Ox^ 

'ijkx^9^ = tg^ (1.5) 

We conventionally lower the SL{2, C) indices by means of the two-dimensional e-symbol and 
raise them by means of its inverse. For example, by definition, tta = ir^esA and so by way 
of consequence, tt^ = e^^Tis- Note incidentally that {a'')'^^ = (a^)^^ for all i. 

So, to each point of homogeneous coordinates on the Riemann sphere we can associate 
in End T(7V1) the complex structure 

J{7i,7r) = x\Ji (1.6) 

with X* given by fll.2p . By resorting to the quaternionic relations (11.11) as well as to the 
equations (II. 3p and (11.50 one can show that 

[/ + ^J{n, vr)]^^ = -^[I " ^A^, ^)] = (1-7) 

The twistor space Z is defined to be the direct product manifold Ai x CP^ endowed with 
the following complex structure 

d d 

J = J{7T,TT)+i—^0d7T^ -i-—®d7TA (1.8) 

This is an element of End[T{M) © r(CP^)] ~ Endr(A^) © EndT(CP^), with the first 
component given by the complex structure (II. 6p and the second by the standard complex 
structure on that descends on CP^. The twistor space can be viewed as a holomorphic 
fibration over CP^, with the fiber corresponding to the point of homogeneous coordinates 
TT^ being a copy of the manifold endowed with the complex structure J {71,71). The 
holomorphic sections of this fibration are termed twistor lines. 
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To prove that this is indeed a complex structure, consider two arbitrary vector fields from 
T{Z) ~ T{M)®T{C¥^) 

X = X + X^^ + XaJ- and 3; = F + + (1.9) 

where X,Y ^ T{M.). A direct calculation shows that the Nijenhuis tensor on Z correspond- 
ing to the almost complex structure fll.Sp takes, when evaluated on X and 3^, the following 
form 

Nj{X,y) = Nj(^^^^){X,Y) 

- ^X-[I + ^Ji., -)f-^Y + ^Y-[I + . n)]^^X 

+ iXa [I - ^(vr, 7^)f-^^Y - iYa \I - ^ J(7r, ^)f-^^^X (1.10) 

The integrability of J(7r, vf ) on }A together with equation (11.71) imply then that it vanishes. 
By the Newlander-Nirenberg theorem it follows that the complex structure (II. 8p is indeed 
integrable and that Z is a complex manifold. As we shall see, the holomorphic structure on 
Z turns out to encode all the metric information of the hyperkahler manifold. 

Let UJ2, be the Kahler 2- forms corresponding to the complex structures Ji, J2, J3 
on Ai and define the 2-form-valued 0{2) section 

uin) = -^n^n''ia^)ABUJ^ (1.11) 
Let also g be the metric on Ai. Then, for any two vector fields X,Y E T{Ai), we have 

c.(vr)(X,F) = -^n^n^{a^)AB9iX,J,Y) = lvrc;7r^vr^ (^(X, ^^^^F) (1.12) 

The second equality follows from the equation (II. 4p . Based on this result and the hermiticity 
of the metric we may write 

^(7r)([/ + ^J{n, n)]X, Y) = ^vrcvr^vr^ g{X, [I - zJ{n, n)]^:l^^Y) = (1.13) 

The last equality follows from the equation (II. 7p . We have thus shown that uj^tt) is a (2, 0)- 
form on A4 with respect to the complex structure J(7r, 7f). Since all three Kahler 2- forms 
uji are closed, it follows that uj{tt) is also closed and, moreover, holomorphic with respect to 
J(7r, 7f). In other words, for each point labelled by vr = (tt^, tt^) in CP^, c<j(7r) is a holomorphic 
symplectic form on the fiber of the projection Z CP^ above vr. 

The antipodal conjugation on the sphere of hyperkahler complex structures induces on 
the twistor space Z the Z2-action 

(m, vr^) ^ (m, TT^) (1.14) 

for any (m, vr^) e M X CF\ This action maps into — and therefore defines a real 
structure on Z. In particular, note that (I1.14p takes uj{tt) into its complex conjugate. This 
can be seen immediately by resorting to the hermiticity property {(J^)ab ~ (cr^)^^- 
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Figure 1: The twistor fibration 



2 The generalized Legendre transform 

In the previous section we took a global approach and used homogeneous coordinates to 
describe the CP^ base of the twistor fibration. It is beneficial to take also a local point of 
view and describe bundles over CP^ and their sections in terms of patching by means of 
transition functions. Let Ui and U2 be the standard open charts on CP , corresponding to 
the inhomogeneous coordinates ( = vr^/vr^ and ( = vr^/vr^, respectively. On Ui fl U2 these are 
related hj ( = Choosing the trivialization vr = (IjC); the 2-form-valued 0{2) section 
(II. lip takes for example on Ui the form 



{2.1] 



where uj± = {ui ± 1002) /2 are the hyperkahler holomorphic and anti-holomorphic 2-forms, 
respectively. The reality condition induced by antipodal conjugation reads in local coordi- 
nates 

1" 



(2.2) 



Consider now the fiber of Z ^ CP^ above ( E Ui. As we have seen, uj{C) is a holomorphic 
symplectic form with respect to the distinguished complex structure on the fiber. In par- 
ticular, this means that one can always introduce a set of complex holomorphic Darboux 
coordinates p = p{() and q = q{C), in terms of which uj{C) = dqAdp. If the real dimension of 
the hyperkahler manifold is 4n then there are in fact n such pairs of Darboux coordinates and 
the symplectic form is a direct sum of such terms. To decongest the notation we omit here 
the indices differentiating among these, but they should be understood to exist. Similarly, 
one can introduce complex holomorphic Darboux coordinates P = -P(C) and Q = Q{C) on 
the fiber above C G f/2- If these can furthermore be chosen such that 



Q(C) = g(-i 



and P(C) 



(2.3) 
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then the required reahty property of uj with respect to antipodal conjugation holds automat- 
ically. Since uj is (9(2)-valued, on \J\ fl U2 we may write 



u; = dqAdp = (^dQ A dP (2.4) 

The transition between the two sets of Darboux coordinates can be thus viewed as a twisted 
holomorphic symplectomorphism. 

At this point we make a few restrictive assumptions. First of all, we assume that the q- 
coordinates are 0{2j) sections over CP^ (not necessarily with the same value of j, when there 
are several of these) and that the p-coordinates are non-singular close to C = 0. Accordingly, 
we have the following power expansions 

2j 00 

q = J2qnC and p = ^p„C" (2.5) 

n=0 n=0 

The twisted holomorphic symplectomorphism (12.41) can be derived from the twisted type II 
canonical transformation 

(-) 
<-) 

Our second assumption is that the generating function is of the form 

F2{q,P) = qP+{-yC^G{q) (2.8) 

with G depending solely on q and perhaps on ( but not on P. The factor in front of G is 
nonessential, it serves a formal purpose and it can be in principle absorbed in the definition 
of G. Equation (12.61) encodes in fact a reality condition for the 0{2j) sections. Indeed, 
together with the first equation (12. 3p it yields that 



2j 



?(-i)=(-y(^J qiO (2.9) 

In terms of the parameters, this is equivalent to g„ = (— )-'~"g2j-n. In particular, the middle 
parameter qj is always real. Equation (12.71) . on the other hand, yields a patching formula 
for the p-coordinates on f/i fl f/2. Integrating it on a closed contour around ( = we obtain 

|^=Pl_„-(-)^-"pi_2,+n (2.10) 

for n = 1, ■ ■ ■ , 2j, where we have defined 



1 
27ri 



dCG{q{C)) (2.11) 
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The integration contour should be chosen such that the resulting F be purely imaginary. 
Explicitly, the system of equations (12.101) reads 

dF 

j^=Pi 2.12 
oqo 

|^=Po + (-m-2, (2.13) 

dF OF , , 

— = ■■■ = — = 2.14 

dq2 dqj 

The remaining equations are just the complex conjugates of these. Note that the second 
term in the r.h.s. of (12.131) vanishes for all values of j except for j = 1, when it is equal to 
-po- 

Substituting the power expansions (12. 5p into the Darbox form of u on Ui, we get 

a'(^) = dq Adp = dqo A dpo + {dqo A dpi + dqi A dpQ)( + ■ ■ ■ (2.15) 
Comparison with (12. ip yields 

UJ+ = dqo A dpo (2.16) 
LJ3 = —{dqo A dpi + dqi A dpo) (2-17) 

Observe now that in the limit when ( ^ 0, the complex structure J{(, () on the twistor 
fiber above ( converges to J3, while the holomorphic symplectic structure u}{() converges to 
u^. Since p and q are holomorphic coordinates with respect to J(C, C) "we conclude that go 
and Pq are holomorphic with respect to J3. Using that, we can write locally as a total 
derivative 

UJ3 = d{pidqo - qidpo) (2.18) 
On another hand, defining a real function K by the Legendre transform 

iK{qo,qo,po,po) = F(go, go, gi, gi, ■ ■ ■) - (Poqi ~ Poqi) (2.19) 
we get, by means of the equations (I2.12p through (I2.14p . that 

idK = i I — — dqo + 7- — dp^ ) = Pidq^ — qidpo (2.20) 



dqo dpo 
Plugging this in (I2.18P yields 

ios = iddK (2.21) 

which means that the function K thus defined is in fact a Kahler potential for the complex 
structure J3. 
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3 Hyperkahler metrics from the generalized Legendre 
transform 



The equations (12. lip and fl2.19p together with fl2.13p and (12.141) can be used to construct 
hyperkahler metrics from holomorphic objects. We summarize them here, reformulating 
them at the same time for later convenience, by introducing new notations and performing 
several redefinitions. Thus, for instance, we will henceforth cast real 0{2j) sections over 
Z (we can define 0{k) sections over Z by pulling back from CP^) or, equivalently, 0{2j) 
multiplets, not in the usual polynomial form but in the following "tropical" form 

v^''\C) = ^ + ^ + ^ + -- - + ^ + (-)'■(■ ■ ■ + ^C'^' - + (3-1) 

The reality condition with respect to antipodal conjugation reads now 

V^''\~^)=WT) (3.2) 

For simplicity, the G-functions that we will consider in this section will apparently depend on 
only one 0{2j) multiplet. Nevertheless, the subsequent discussion can be straightforwardly 
generalized to include several multiplets or combinations of multiplets with different values 
of j, including j = 1. This will amount, essentially, to introducing additional indices to 
differentiate among these. If we define 

jGiv^'=\C)) (3.3) 

choosing the contour such that the outcome of the integration is real (take note of the 
difference with respect to (12. lip !) then the generalized Legendre transform is given by 

K{z, z, u, u) = F{z, z, V, V, t,i,- ■ ■, x) — uv — uv (3.4) 

together with the conditions 

dF , , 

(3.5) 

If the multiplet on which the function G depends is of C(2) type, then v = v = x and these 
equations are replaced by the single equation 

dF 

^ = . + . (3.7) 

The generalized Legendre transform yields a Kahler potential K as well as a corresponding 
system of holomorphic coordinates, z and u. Equations (I3.5p - (l3.6p can in principle be solved 
to give w, t, t, . . . , X as implicit functions of 2;, m, u. Implicit differentiation returns 
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where a and h run over the values f , -u, t, t, . . . , x and F""^ is by definition the inverse 
of the matrix of second derivatives Fab- Summation over repeated indices is assumed. On 
another hand, taking the derivatives of fl3.4l) with respect to the holomorphic coordinates 
and imposing afterwards the generahzed Legendre relations fl3.5l) - fl3.6p . one gets that 

OK dF ^ dK , , 

— = — and —- = -V (3.9) 

oz oz ou 

Using further equations (13. 8p to take the derivatives of (13.91) with respect to the anti- 
holomorphic variables this time, one obtains the metric components 



K - K - \ I F - - F F"*' Fu- F F"" 



K - K - \ F - -F 



VV 



(3.10) 



In the generalized Legendre transform approach the three standard Kahler forms are given 
by _ _ 

uj^ = -iddK uj+ = dzAdu uj' = uj+ (3.11) 

From the last two expressions in (13.111) and the fact that for any hyperkahler manifold, in a 
coordinate basis holomorphic with respect to the complex structure J3, the components of 
its (2,0) and (0,2) Kahler forms satisfy 

^+MP ^'"^ = -V uj-P"Kp-,K,, = uj~-,, (3.12) 

it follows that the inverse metric relates in a direct way the metric itself, namely 



(3.13) 



On the other hand, one can attempt to invert directly (I3.10p using the following elementary 
linear algebra result: if A and D are non-singular square matrices then 

A BY' _ f {A- BD-^C)-^ -A-^B{D - CA-^B)-^\ 
CD) ~ \-D-^C{A- BD-^C)-^ (D-CA-^B)-^ J ^ 

By identifying the upper-left block of the inverse metric obtained in this way to the upper-left 
block of (I3.13p . one gets 

Fzz — FzaF"''^Fbz + FzaF"''" HyyF'"^ Fbz = —Hyy (3.15) 

where H^^ denotes the matrix inverse of F^^. This allows then one to rewrite (13.100 in the 
more symmetric form 



(3.16) 



or, equivalent ly, 

ds'^ = -dzH^^dz - {du - dzF,aF''''H^^)F'"\du - H^^F"'' Fa-Jz) (3.17) 



11 



From the form (13.161) of the metric it is immediately apparent that the following Monge- 
Ampere equation holds 

detir(,,,) = l (3.18) 

This result was established by Lindstrom and Rocek [T] for the case of several 0{2) multiplets 
and subsequently by Cherkis ^7J for the case of one 0{2j) multiplet. Both proofs exploit the 
fact that the contour-integral form (13.31) implies that the function F satisfies the following 
set of second order differential equations 



F - 


= -F - 


F - 

^ zv 


= —Fyt 




= F 

VV 


^ zv 


— F 

^ vz 



V F 



etc. 

etc. (3.19) 

The argument presented here can be adapted in a straightforward manner to generic com- 
binations of multiplets. 

In the case of a single 0{2j) multiplet the components of the metric can be expressed as 
ratios of determinants of Hankel matrices, as follows from 

av i-y 

FzaF""" = p det {ha+b-l)-{j-l)<a,b<+{j-l) (3.20) 

vv {-y 

-F'"'" = -^^^ det {ha+b-i)-u-2)<a,b<+ij-^) (3-21) 
det F = det {ha+b)-{j-i)<a,b<+ij-i) (3.22) 

where 

J C 97]"^ 

These relations can be derived by writing the elements of the matrix F""^ that occur in the 
l.h.s. in terms of the cofactors of its inverse matrix, Fab-, and, in the first case only, by 
using subsequently Laplace's determinant expansion formula. The resulting determinants 
can then be algebraically manipulated into the forms displayed above. This generalizes an 
observation made by Cherkis and Hitchin in [23j . 



h,= i^C'^ (3.23) 



4 Pure 0{2) constructions 
4.1 The generic case 

As noted already, 0{2) multiplets are in some sense special and their presence require cer- 
tain adjustments to the generalized Legendre transform formalism developed above. There 
are no extremization conditions of the type (13. 6p associated with 0{2) multiplets as they 
do not have enough components, or, in a field-theoretical language, there are no auxiliary 
fields to be integrated out. There is only one Legendre relation associated to each of them. 



12 



Distinguishing with an index I between the various 0{2) multiplets of the theory, these take 
the form 

dF 

a? = + (4.1) 

The departure of these relations from the regular form (13. 5p for higher-degree multiplets 
stems from the reality properties of 0{2) multiplets which require that be real. In the 
absence of uj the regular form would simply be inconsistent. 

Let us consider the class of F-functions constructed exclusively out of a number of n 
0{2) multiplets and review the particularities of the corresponding 4n-real dimensional hy- 
perkahler manifolds. This class of manifolds was studied in [Ij and [Ej. The metric formula 
fl3.17p specializes in this case to 

ds^ = -dz^F^i^jdz-' - {duj - dz^ F^K^i)F'''''\duj - F^j^Ldz^) (4.2) 



where F^'^^ is the matrix inverse of F^i^j, whereas the holomorphic (2, 0)-form from (13.111) 
becomes 

uj^ = dz^Adui (4.3) 

The fact that the holomorphic coordinates uj occur exclusively in the combination uj + uj 
implies that the metric is independent of the imaginary part of uj, in other words it has n 
abelian holomorphic Killing vectors 

Clearly, these Killing vectors preserve the (2, 0)-form (14. 3 p and hence they are not only 
holomorphic but in fact tri- holomorphic. 

In the holomorphic coordinate basis z^ , uj the hyperkaler structure is manifest but the 
underlying S0{2>) structure deriving from the 0{2) multiplets is obscure and so are the 
abelian isometrics. We can make the symmetries manifest and obscure the holomorphic 
structure by switching to a set of real coordinates defined as follows 

f^ = (/ + ^^,-2(/-/),a;0 (4.5) 
ipi = Imuj (4.6) 

In this coordinate basis the metric takes a generalized Gibbons-Hawking form, 

ds'^ ~ ^jjdf^-df-^ + {^-y-'idipi + AjK-df^){d'^j + AjL-dr^) (4.7) 

where the tilde symbolizes "equal, up to an overall factor 1/2" and A, $ are defined by 

Ajj-df-^ = - {F^i^jdz^ - F^i^jdz^) (4.8) 
*/j = -If^i^j (4.9) 
To derive this expression of the metric from the form (14. 2 p it is necessary to use the fact that 

Fx'zJ = Fr^j^i (4-10) 
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a direct consequence of the contour-integral form (13. 3p of F. By resorting again to this 
relation, this time in conjunction with equations fl4.8l) and (14.91) . one can prove moreover 
that the following generalized Bogomol'nyi equations hold 

V/ X Akj = -Vi^Kj and V/$xj = Vj$x/ (4.11) 

where V/ = d/df^ are M.^ gradient operators. 



4.2 The Taub-NUT metric 

As an example, we review the construction of the 4-dimensional hyperkahler manifold gen- 
erated by the F-function 

F = --1- / %<^''>r + / ^r/(^) lnr^(2) (4.12) 

This gives the Taub-NUT metric when h is finite and the flat space metric when h ^ oo 
[18] . The generalized Legendre relation (14.11) becomes in this case 

- + tanh-^- = 4.13 

h r 2 ^ ^ 

This equation is transcendental for finite h and algebraic for /i — oo. It can be used to 
express the real parameter x as a function (explicitly in the latter case, implicitly in the 
former) of the holomorphic coordinates z, u and their complex conjugates. The Legendre- 
Fenchel transform yields the Kahler potential 

K = 2r + ^ (4.14) 

h 

In a holomorphic coordinate basis the metric takes the form 

ds"^ = 2^dzdz + {2^)-^{du - AJz){du - A-Jz) (4.15) 

with 

$ = ^ + - and A, = — (4.16) 

h r zr 

Besides the U{1) tri-holomorphic isometry (14.41) . this metric possesses an additional non-tri- 
holomorphic 5*0(3) isometry induced by the natural 5*0(3) action on the parameter space 
of the 0{2) real section, generated by the vector fields 

(4.17) 
(4.18) 
(4.19) 





d 
dz 


hr + 2\z\^ 
hz 


d 
du 


h du 




d 
dz 


hr + 2\z\^ 
hz 


d 
du 


2^ ^ 
h du 


^3 


= -2i 


/ d _d' 
\ dz dz 


) 
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One can verify directly that these satisfy indeed the SO (3) algebra 



[Xi,X,] = 2eijkXk (4.20) 

and that, moreover, they rotate the hyperkaler 2-forms, i.e., 

Cx.ujj = 2eijkUJk (4.21) 

as one would expect from general considerations. We use here the standard notation con- 
ventions X± = {Xi ± 1X2) /2 and = {uii ± iuj2) /2. The actions of the isometry generators 
are hamiltonian with respect to their corresponding Kahler 2-forms, with moment maps 

fii = 2r + ^ ^ 4.22 

r2-2|2p + 2Re(z2) 

f^2 = 2r + ^ 4.23 

n 

/is = 2r + ^ (4.24) 
h 

If one writes the components of r in polar coordinates then the directional and 6 angles 
associate in a natural manner with ip = Imu to parametrize the 5*0(3) group manifold. One 
obtains in this way the more familiar form of the Taub-NUT metric 

ds'^ ~ $ [dr^ + r\al + a^)] + $"V^ (4.25) 

with 0"!, (72, (T3 representing the Cartan-Maurer left-invariant SO {3) 1-forms. 



5 The 0{4:) spectral curve 
5.1 Majorana normal form 

We will now focus our attention on the multiplets of C(4) type. These can be cast, generically, 
in either one of the following two local forms, to which we will henceforth refer as Majorana 
normal forms [28] 

V^'\0 = ^2 + 7 + ^-< + <' 

c c 

_ p (C-a)(aC + l)(C-/3)(/3C + l) .... 
1 + |«P 1 + W 

The reality constraint satisfied by the multiplet is preserved only by the PSU (2) subgroup of 
the PSL(2, C) group of automorphisms of CP^ which acts on the inhomogeneous coordinate 
( by Mobius transformations. The projective component of PSU (2) generates a real scaling 
transformation. Under the SU (2) action, the polynomial coefficients transform together in 
the spin-2 irrep. On the other hand, the roots a, j3 and their antipodal conjugates can be 
viewed as points on a Riemann sphere endowed with the Fubini-Study metric. The SU{2) 
transformations correspond to isometric rotations of the sphere, under which the system of 
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points moves together rigidly. For a more detailed discussion of the rotational properties of 
multiplets we refer the reader to the second article in this series, [24j. 

There are two irreducible spherical invariants that one can associate to ri^^\ These can 
be taken to be 

g2 = 4:\z\^ + \v\^ + \x^ (5.2) 

^1 |2 -^1 |2 ^ —2—2 /<- o\ 

93 = -\z\ X \v\ X X — ZV — ZV [O.O) 

In principle, one can construct out of the Majorana coefficients other spherical invariants as 
well, but these turn out to be all reducible, in the sense that they can be decomposed into 
polynomial expressions in g2 and g^, with rational coefficients. If we substitute into these 
formulas the Viete expressions of z, z, v, v and x in terms of the roots and the scale factor, 
we get that 

92= I p'{l -k' + k') (5.4) 
g, = ^p\k'-2)i2k'-l){k' + l) (5.5) 

where 

^ l^ + ^'^l (5.6) 

is directly related to the Fubini-Study distance between a and (3 (more precisely, the latter 
is given by 2 arccos k). 

The fact that 77^^-* has scaling weight 2 suggests considering the associated quartic plane 
curve 

r/^ = CV'nC) (5.7) 

The projection ((^, if) \ — > ^ is a two-sheeted branched covering of the Riemann sphere, with 
the holomorphic elliptic involution ((^, rf) 1 — > (C, —rf) interchanging the two sheets except at 
its fixed points, which are branching points for the covering. When these are all different, 
the curve is non-singular. The curve has, additionally, two anti-holomorphic involutions 
or real structures {C^V) ' — ^ (~VC) i^/C^) induced by the antipodal map on the sphere, 
conjugated by the elliptic involution and preserving the set of branching points. This makes 
it a double-cover of the real projective plane, MP^ ~ CP /Z2, and thus a real algebraic curve 
of genus 1. 

As an elliptic curve, it has an abelian differential form, i.e., a globally defined holomorphic 
1-form 

w = , ^ 5.8 

5.2 Legendre normal form 

The equation of the curve can be cast into Legendre normal form by means of a birational 
transformation of ( mapping three members of the root system a,—l/a, (3,-1/(3 to 0, 1 and 
(X), while also appropriately transforming 77. As is well-known in the theory of elliptic curves, 
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one can obtain in this way six possible moduli, representing points where the fourth root 
can be mapped. A very simple and elegant modulus, namely k"^, is returned by any one of 
the following four birational transformations: the one given in the form of the cross-ratic0 

u=[C,~-, a, /3] (5.9) 
a 

another one obtained by replacing in this relation a and /3 with their antipodal conjugates, as 
well as two others that can be obtained from these two by interchanging a and f3. Note, inci- 
dentally, that antipodal conjugation translates in this new context into complex-conjugation. 
In all these four cases the abelian 1-form (15.81) transforms to 

w= — 5.10 

and so equation (15.71) can be re-expressed in terms of v and the coordinate p = r] dv / dC, a.s 

p^ = pu{v -k^) (5.11) 

The periods of w are obtained by integrating it over the canonical cycles. Through some 
standard changes of variables one can relate the period integrals to the familiar form of the 
complete Legendre elliptic integrals of the first kind. The period lattice reads 

A = Z-2cj + Z-2cj' (5.12) 

with the half-periods given by 

K{k) , zKjk') 
uj = and uj = (5.13) 

Since < A;, /c' < 1, it follows that Kik:) and K{k') are real and so A is an orthogonal lattice. 
The Fubini-Study invariants k and k' play in this context the role of elliptic modulus and 
complementary modulus, respectively [19j . 

5.3 Weierstrass normal form 

At this point, let us note that equations (15. 4p and ( 15. 5p can be re- written in terms of 

e, = -^{e-2) e2 = ^i2e-l) = -^{k' + I) (5.14) 

satisfying 

ei + 62 + 63 = (5.15) 

as follows 

5-2 = -(6162 + 6263 + 6361) (5.16) 
93 = 616263 (5.17) 

{Zl - Z3){Z2 - Z4) 



^The notation for cross-ratio that we employ here is [^i, Z2, z^, Z4] — 



{Zi - Z4){Z2 - Z3)' 
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Equations fl5.14p can be reverted to yield 

fc^ = — ^ and p = ei — 63 (5.18) 

ei - 63 

Recognizing that the equations flS.lSp through (15.171) are Viete-type formulas, it is then 
immediately apparent that ei, 62 and 63 have to be the three roots of the cubic equation 
— g^X — (73 = 0. This suggests that one should try to cast the equation of the elliptic 
curve associated to rf-^^ into the Weierstrass normal form 

y = X^ -g^X-g; (5.19) 

This is indeed possible and is accomplished in practice by performing a further birational 
transformation of the complex variable v in the Legendre normal form (I5.1ip of the equation 

^ - 63 , , 

v= 5.20 

ei - 63 

while also substituting [i = Y j p. Under the transformation (I5.20p the abelian 1-form (I5.10p 
becomes 

w = , (5.21) 

2y/X^-g2X-g, 

The discriminant of the Weierstrass cubic (15.190 

A = 4gl - 27gl = p'k'k" = [{e, - e2)(e2 - e3)(e3 - ei)]^ (5.22) 

is strictly positive as long as the elliptic modulus k is not or 1. 

Let us introduce now in place of the Majorana coefficients the related real parameters 

X ± 6\z\ -r V ^ V . , 

x± = v+ = Im^^ V- = Re^^ (5.23) 

3 \/z Jz 



In terms of these, the invariants (15.20 and (15.30 can be written as follows 

1 

g2 = + x+x- + x_ + -(x+— x_)(f_ + t>^) (5.24) 
g-i = — (x+ + x_)a;+x_ — -{x+— a;_)(x+fi + X-V^,) (5.25) 

This form of the Weierstrass coefficients facilitates a key insight, namely that the four points 
with (X, y)-coordinates 

(x_, f_(a;+— X-)/2) (a;+, ^+(0;+— x_)/2) 

(5.26) 

(x_,f_(x_— x+)/2) (x+,if+(x„— x+)/2) 

are points on the 0(4) curve in the Weierstrass representation, i.e., they satisfy the equation 
( I5.19p . This can be checked by direct substitution. Note that the pairs of points on the two 
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colums in fl5.26p are conjugated under the elliptic involution. The pairs of points along the 
two diagonals are conjugated under the Z2 action 



x_ < — > x+ 

f_ < — > iv+ (5-27) 

Clearly, this action leaves the coefficients g2 and invariant. 

In the Legendre normal form of the curve the i/-coordinates corresponding to the points 
f l5.26p on the Weierstrass cubic are 

j,^ = (5.28) 
ei - 63 

Using equations fl5.14p . fl5.6l) and the relations between the coefficients and the roots in flS.ip . 
we find that 



(1± 




(1 + 
(1 


\a\ 
a\ 


m + \m 


(1 + 


\a\ 


m + \m 



' - - + + m ^'-''^ 

A quick inspection of these relations yields the inequalities 

< i/_ < < < 1 (5.30) 

On the Weierstrass side, together with the obvious ordering of the Weierstrass roots, they 
imply that 

63 < x_ < 62 < x+ < ei < Co = 00 (5.31) 
5.4 Radial 0{A) invariants 

In the limit when an 0(4) multiplet degenerates to the square of an 0{2) multiplet, that is, 
when ?7*^^) — > ('7*-^'*)^, one can show that p — *■ |f where r is the vector of the type (14.50 
associated to the 0{2) multiplet. This suggests that, in the (generic, non-degenerate) 0{4) 
case, positively-defined S'0(3)-invariant quantities which are proportional to ^/p could be 
interpreted as some sort of radii, too. There are essentially only two independent quantities 
satisfying these requirements, namely 

1 tTl 

r = — > and r' = > (5.32) 

The disparity in the normalization factors serves a subsequent formal purpose but is otherwise 
irrelevant. 
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These new invariants are not independent from the ones we have already introduced. One 
can express g2 and in terms of r and r'. The precise expressions follow for instance from 
the well-known double series representation formulas for the Weierstrass coefficients 

oo ^ 

= 15 V' (5.33) 

m,m — — oo 

oo _ 

^3 = 35 V' (5.34) 



m,m'=— oo 



where the prime sum symbol signifies that the term with (m, m') = (0, 0) must be omitted. 
Alternatively, each of these double series can be recast as a single Lambert-type g-series 

where q = exp^inr) is the elliptic nome and r = u'/uj is the elliptic modulus. Since the 
Weierstrass coefficients are invariant under the modular transformation r' = — 1/t, see for 
example the discussion in section 17.51 their g'-series expansions are formally identical, but 
with q replaced by q' and u by uj'. In terms of the radii, 

q = e-^'r/r' g' = e-"'/^ (5.37) 

The fact that r, r' > implies that < g, g' < 1, which in turn guarantees convergence. The 
two asymptotic regions r » r' and r « r' can be analyzed perturbatively by performing 
expansions in g respectively g'. 



5.5 Euler-angle parametrization 

The rotational transformation properties of the Majorana coefficients suggest an alterna- 
tive parametrization of the 0(4) multiplet in which the rotational structure appears more 
explicitly. Consider the following Ansatz 

2 

z = VTJ2D}:ti<P,0,ij)xl 

m=-2 
2 

m=— 2 
2 

x = V6j2D^Zi<P,(^,^)xl (5.38) 

m=-2 

Three of the new parameters will be the Euler angles (p, 6 and ip. Wigner's rotation matrices 
ensure the right transformation properties. This leaves two rotation-invariant parameters on 
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which the 5-component xl 

of (?2 and one can replace in equations (15.21) and fl5.3p z, v and x by -\/Tx-2> V^Y^i and 



can depend. Observe now that due to the rotational invariance 

2 



\/6xo' respectively. Passing then to a form similar to fl5.24p and (15.251) . x± gets replaced 
by e± = (a/6xo ^ 6|x^2l)/3, and it is clear that if we put X-i = = x+i and compare 
the remainder with (I5.16P and (I5.17P we can identify e+ and e_ with any two of ei, 62 
and 63. Taking for instance e+ = ei and e_ = 63, it follows that Xo = — V^e2/4 and 
IX-2I = (^1 ~ ^s)/^- A choice consistent with these constraints would be, e.g., 



/ ei - 63 \ 


-A/6e2 


\ei - e3y 



(5.39) 



It depends, as required, on two rotation-independent parameters, since ei, 62 and 63 satisfy 
(I5.15p . The parametrization of the C(4) multiplet given by (I5.38p and (I5.39p corresponds 
essentially to the one used by Rocek and Ivanov in [19]. 



5.6 C(4) elliptic integrals 

In the course of the generalized Legendre transform constructions involving 0{4) multiplets 
that we shall encounter, the calculation of either the F-function contour integral or its first 
derivatives reduces to the evaluation of the following set of integrals 

J™ = / -^^== 5.40 

with r an integration contour which may be either open or closed, depending on context, and 
m an integer taking values from —2 to 2. In fact, it suffices to consider only m = 0, 1, 2, since 
the integrals corresponding to m and — m are complex conjugated to each other, modulo a 
shift. More precisely, 

J_„ = i-ri^ ± 2m^^ (5.41) 



This can be seen by changing in (I5.40p the integration variable ( to and then deforming 
the resulting contour back to the original one; in the process, one picks up a residue, which 
accounts for the shift term. Shifts will be discarded by means of a doubling trick: we can 
always choose two contours, one which gives a + and one which gives a — in (15.411) : by 
summing the two contributions up, the residue terms will mutually cancel. 

In |25] we evaluate these integrals in terms of Weierstrass elliptic functions by going to the 
Jacobian of the elliptic curve associated to the C(4) multiplet. We quote here the results for 
closed contour integrals which are of primary interest for us at this stage, and refer to [25] 
for proofs. Integrating successively in the ^-plane along the closed contours Fi surrounding 
the roots — 1//3 and a, r2 surrounding the roots a and — 1/« and r3 surrounding the roots 
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— 1/a and — we obtain 



X, 



-^1 



X 



2uJi 
1 

1 

'2i 



7ri(a;+) + 7ri(x_)] 
2r]i + a;_' 



(5.42) 
(5.43) 
(5.44) 



where the index i takes values from 1 to 3, uji, 002, ^^3 and rji, r/2, are the Weierstrass 
half-periods and quasi-periods, respectively, and the vr-functions are Jacobi elliptic integrals 
of the third kind; we give their precise definitions in the Appendix, where we also work out 
their properties. 



6 The Atiyah-Hitchin metric 
6.1 The hyperkahler structure 

The F-function that generates the Atiyah-Hitchin metric in the generalized Legendre trans- 
form construction is given, according to |T9], by 



To is an integration contour around C = whereas F is a contour that winds once around 
the branch-cut between the roots a and — h is a constant coupling scale. 

The first integral can be evaluated by means of a straightforward application of Cauchy's 
integral formula. One gets 

(6.2) 

The evaluation of the second integral presents a more challenging problem. Observe that it 
satisfies the homogeneity property 

dFi dFi dFi dFi dFi , , 

F, = 2z—^ + 2v-^ + 2x— ^ + 2v—^ + 2z—^ 6.3 
oz ov ox ov oz 

and that each derivative is equal to a complete integral of the type (15.401) . which we have 
already evaluated. More precisely, 

^ = -X'i^ ^=xf) ^ = _x(i) (6.4) 

dz dv dx 

with Xii 

012 given in (I5.42p - (15.441). To obtain a real Fi we should consider a combination 
of contours around the branch-cuts between the roots a and — as well as between /3 
and —1/a in such a way as to cancel the residue terms in (I5.4ip . Henceforth, we will 
automatically assume that this is done, and we will just ignore them. With this assumption, 
equations ([631), (EUD and (ICTj) - fICTD yield 

Fi = Ai]- 4:{x++ x-)uj + 2v-n{x-) + 2iv+7T{x+) (6.5) 
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From the equations (16. 2p and (16.41) one also readily obtains the derivatives 



_ 7r(x_) +7r(x+) 



dv -y/i 

We are now prepared to impose the generalized Legendre relations, which in this case read 

dF 

- = « (6.8) 
dF 

Equation (16. 9p defines implicitly the Atiyah-Hitchin manifold as a codimension 1 subspace 
in the five real- dimensional space of moduli of rj'^^'> sections. It takes the remarkably simple 
form 

2uj = 1/h (6.10) 

Equation ( 16. Sp . on the other hand, serves to introduce a second holomorphic coordinate u 
(the other one being z). Note that due to the inequalities (I5.3ip . n{x^) is real whereas 
7r(a;+) is purely imaginary. Then equations (16. 6p and (16. 8p imply that 7r(a;„) = Iieu^/z and 
7r(x_|_) = zlmw-y/i, and so 

2w_7r(x_) + 2if+7r(x+) = + mJ (6-11) 

It follows that the Jacobi terms in F , in conjunction with the Legendre relation that introduces 
the second holomorphic coordinate, play a pivotal role in canceling the quadratic terms in the 
Legendre transform that yields the Kdhler potential. This constitutes a generic mechanism 
for 0(4) multiplets. Putting together equations (16. 5p . (16.20 and (16.110 and making also 
use of equation (16.1 OP . one obtains quite effortlessly a formula for the Kahler potential 
corresponding to the complex structure to which the holomorphic coordinates z and u are 
associated, i.e., 

K = Arj - {x^+ x-)uj (6.12) 

A Kahler potential for the Atiyah-Hitchin metric has also been derived by Olivier [29j, 
who followed a different, symmetry-based approach. It is straightforward to check that the 
rotation-invariant term of (I6.12p . namely 4?7, coincides, up to a constant factor, with the 
corresponding part of Olivier's potential. 

We found a posteriori that the metric takes a simpler form if one uses instead of u and z 
a new pair of holomorphic variables defined as follows 

U = u^ Z = 24~z (6.13) 

This transformation is a holomorphic symplectomorphism, it leaves the hyperkahler holo- 
morphic (2,0)-form invariant, 

uj^ = dZAdU (6.14) 
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Taking also into account the reality properties of 'n'{x±), equation (16.81) is then equivalent to 

U = 7r(x_) + 7r(a;+) tj = n{x^) — 7r(a;+) (6.15) 

To derive the metric one can follow two equivalent paths: one is to use the general 
formula (13 . 1 71) giving the metric in terms of the second derivatives of F without resorting 
explicitly to holomorphic variables, the other is to use the Kahler potential (I6.12p and the 
manifest holomorphic structure. In the first approach, the second derivatives of F follow 
from derivating once more F^ and F^, given by equations (16. 6p and (16. 7p . The absence of 
Fz from this list can be compensated by the relations (13.190 between the second derivatives. 
Regarding u and 7r(x±) as functions of g2, and (in the latter case only) x±, one makes 
use of the differentiation formulas (17.470 and (I7.49P from the Appendix in combination 
with the explicit forms (15.20 and (15. 3p of g2 and g^. In the second approach, one employs 
equations (I6.10p and (I6.15p . regarding now 'k{x±) as a function of a;, rj and x±. From the 
equations (16.151) together with \Z\^ by making use of the differentiation relation 

(I7.55P one can obtain the partial derivatives of x± and r] with respect to the holomorphic 
variables U and Z, 

= 2(A_B,-A,B_) ^'-''^ 

{B+-B_)dU +{B++B_)dU + 2A^B^{ZdZ+ ZdZ) ^ 
= 2{A_B^-A^B_) 

where, with = iv+{x^— x_)/2 and ?/_ = f_(a;__— a;+)/2 as in (I5.26P and V given in (I7.56p . 

T] + X±UJ 



A 



± 



2|/: 



± 



5, = + (6.18) 

y± 

The components of the metric can now be computed directly from the Kahler potential 
(I6.12p . Following either path, one obtains 

Kuu= (6.19) 

where 

Q = {r] + eiuj) [t] + e2Uj) (v + esuj) (6.20) 

and 

^2 = {92 - 3x+x-)r]^ - [Ggs + 2{x++ X-)g2]ujr] + [gj + 3{x++ x^)g3 + x+X-g2]uj'^ 

}C3 = 7]^ + 3x±uo7f + g2 u^v - (2^3 + x±g2)uj^ (6.21) 

/C4 = r/'' + 2{x+ + X-)ujT]^ + {g2 + 3x+X-)uj'^r]'^ - 2gsiu^^T] - [{x++ X-)g3 + x+X-g2\uj'^ 
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One verifies that the following Monge- Ampere equation holds 



deti^(z,c/) = 1 (6.22) 
Putting things together, the metric eventually reads 

ds"^ = (j)dUdU + (j)-\dZ + A){dZ + A) (6.23) 

with 

<P=^\Z\^ and A = -'-^^^±±;^^ZdU (6.24) 

It has three isometries induced by the natural 5*0(3) action on the parameter space of the 
0{4) section, generated by the three vector fields 

X^=-2i[Z- Z-^] (6.25) 

^ \ dZ dZ ) ^ ' 

9 {ri + x-u) + {ri + x+u) d {rj + x^u) - [t] + x+u) d 

^- = (^-+'^-^^dz + z du^ z W ^'-^'^ 

X+=XZ (6.27) 
These preserve the metric, form an 50(3) algebra! 

= 2eijkXk (6.28) 

and rotate the hyperkahler structure 

Cx.^j = '^.eijkUJk (6.29) 

From the last property it is clear that the actions of the vector fields Xi are hamiltonian 
with respect to the corresponding Kahler 2-forms Ui and thus, provided that the manifold is 
simply connected, they must have associated moment maps. We get, explicitly, 

/ii = 4?7 — (x++ x_)c<j + ReZ^cu (6.30) 
H2 = 4:7] — {x++ X-)uj — ReZ^uj (6.31) 
fi3 = Ar] + 2{x++x^)uj (6.32) 

In |H |30] it is shown that if on a simply-connected hyperkahler manifold there exists a vector 
field Xi which acts on the hyperkahler structure as in (16.291) then the corresponding moment 
map is a Kahler potential for any complex structure orthogonal to the one preserved by X^. 
In agreement with this theorem, the moment maps fl6.30l) and (16.311) belong manifestly to 
the Kahler class of (KT2^ . 



^We use the standard conventions X± — {Xi ± 1X2) /2 and — [loi ± iuj2)/2. 

hyperkahler manifold with standard complex structures /, J, K has in fact a 2-sphere worth of complex 
structures compatible with the metric and the Levi-Civita connection, given by xl + yj + zK for all unit 
vectors [x, y, z) from R^. One refers to two complex structures as being orthogonal when the corresponding 
unit vectors are orthogonal with respect to the scalar product on M? . 
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In the derivation of the relations (16.281) through (16.321) we found the following partial 
results useful 



dK -dK lis , , 

^^ = ^w = ^ ^'-^^^ 

dK , , , , 

^ = -{v^+tv+) (6.35) 

dU ~ Q 



(6.36) 



6.2 The 50(3) structure 

The connection between the complex holomorphic basis form (16.231) of the metric and the 
well-known form of Atiyah and Hitchin [17j, in which the (hyper-) complex structure is ob- 
scure but the non-triholomorphic S'0(3) isometry is manifest, emerges through a change of 
variables. Specifically, one needs to switch from the complex holomorphic coordinate basis 
Z, Z, U, U to the coordinate basis given by the 5*0(3) angles 0, 6*, and the eUiptic nome q. 
The Majorana coefficients z, z, v, v and x will serve as intermediate variables. The Jacobian 
matrix of this transformation is computed as follows: the partial derivatives of Z and Z with 
respect to the Majorana coefficients are quite trivially computed from the second relation 
(I6.13P : the partial derivatives of U and f7 on the other hand can be obtained from (I6.15p . 
regarding n{x±) as functions of g2, gs and x±. In this way one gets, e.g., 

^ = ^(Mr^* + NuJ*) (6.37) 

with T]* and u* defined in (I7.50p and 

M = t>^(5x+— x_) — if+(5x_— a;+) 

= v-{8g2 - 3x+x--9xl) - iv+{8g2 - 3x+a;_- 9a;^) (6.38) 

For the remaining derivatives, a detour through the relations (I3.19P allows for simpler cal- 
culations. Specifically, 
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If = 
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^F- - 
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-^F- - 
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Z— 

dv 



(6.39) 

Explicit forms along the lines of (I6.37p - (l6.38p can be easily obtained by means of the formula 
(I7.47P in combination with the equations (15. 2p and ( 15. 3p . It remains now to compute the 
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derivatives of the Majorana coefficients with respect to 0, 6, ifj and q. To do this, we use 
the equations fl5.38p and fl5.39l) together with (17.581) to express the Majorana coefficients in 
terms of 0, 9, ip, Q and u. The half-period uj is fixed by the equation (I6.10p . The derivatives 
may then be computed with the help of, among other things, the formulas (17.591) . which 
gives the partial derivatives of the Weierstrass roots with respect to the nome. 
In the new coordinate basis the metric takes the fornix 

ds' ^ {abcf^ + a^al + b^a^ + c^al (6.40) 



with cTi, (72 and (T3 the (left-) invariant Cartan-Maurer 1-forms of S'0(3) and a, 6, c determined 
by 

2bc ~ ~ ( ~ ) + ^1^) 
2ab ~ ~ ( ~ ) + ^2^^) 

2ca = - 0^ cj(r/ + e3tu) (6.41) 

Comparison with the theta-function representation formula (17.611) from the Appendix yields 
eventually for the metric coefficients the expressions 

^'2'(0,g) 



26c 
2ab 



^2(0, g) 

^3(0, g) 
^3(0, g) 



2ca^?M (6.42) 
^4(0, g) ^ ^ 

A change of variable from the nome q to the complementary nome q' through the modular 
transformation (17.661) gives the following alternative expression for the metric 



ds 



2 



with the coefficients A, B, C determined this time by 

2BC 

2AB 



(6.43) 



2 




In q' 


^4(0, g') 


2 


^3'(o,g') 


In q' 


^3(0, g') 


2 


^'2X0, g') 


Ing' 


^2(0, g') 



2CA =- V) [ (6.44) 

Ing' ^92(0,g') ^ ^ 

One can check that these two expressions correspond precisely to the metric of Atiyah and 
Hitchin, up to an irrelevant numerical scale factor. 



An overall numerical factor is omitted. 
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6.3 Large and small monopole separation limits 

In terms of the radial invariants introduced in (15.321) . the generahzed Legendre transform 
equation (16.101) reads 

r = h = const. (6.45) 

The obvious interpretation is that a constant distance scale is thus set into the problem. The 
remaining radius, r', takes the meaning of monopole separation distance when one views the 
Atiyah-Hitchin manifold as the moduli space of centered two-monopoles. As discussed in 
section 15.41 the elliptic nome and complementary nome are given by 

^^^-.^h/r' (l = e-''l^ (6.46) 

The small monopole separation limit r' «h thus corresponds to g — > 0, the large monopole 
separation limit r' » h to q' ^ Q. These asymptotic regions can therefore be probed by 
series-expanding in q respectively q' the theta-function expressions (I6.42p respectively (16.441) 
of the coefficients of the metric. The infinite series representation formulas (I7.64p make this 
a straighforward task. 

A g'-series expansion gives 

2 _ r'(r' - 2h) Ar''^{r' - 2h) Ar'^{Ar'^ - 8hr' + h^) „2r-'/h 

2_ 2r' 16r'2(2r'2 - 6/ir' + 5/^2) _2r'/h 
~ r'-2h h^{r' - 2hy ^ 

r'{r'-2h) Ar'^ir' -2h) , ,^ 4r'2(4r'2 - 8/ir' + /i^) 

Retaining only the non-exponential terms yields the asymptotic form of the Atiyah-Hitchin 
metric 

1 1 \ /II 



(6.48) 



This is a Euclidean Taub-NUT metric with negative mass parameter. It has a singularity at 
r' = 2h, far away from the asymptotic region, and thus harmless. 
On the other hand, expanding in the nome q, we get 

= 327r2(e-2'^''*/^'' - Ae-^-'^/""' + ■■■) 
b^ = ^{l- Ae-^"^l'' + 16e-2-'Vr' + . . . ) 

2 

= —(1 + Ae-^^^l'' + 166-2"''^/'^' + ■ ■ ■ ) (6.49) 



Truncating to order and changing the radial variable to = 4e '^'^^1'^' ^ we obtain the 
small monopole separation limit of the metric 

dsl = —[dR^ + AR^al + {l-R + R^)al + (1 + i? + R^)al] (6.50) 
2 
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These limits of the Atiyah-Hitchin metric and the first few exponential corrections to them 
have been studied in fTli \^T\ . to which we refer for more details. Note that, unlike in [3T], 
here we do not need to choose the gauge / = —b/r' instead of the more symmetric / = abc 
for the radial diagonal component of the metric. A set of expressions closely related to the 
form fl6.42p of the metric coefficients has been obtained in [32] through solving a Halphen 
system of differential equations, see also [33] . The equations (16.421) and (16.441) together with 
the series expansions (I7.64p allow for a straightforward computation of the corrections to 
both the large and the small separation limit of the metric virtually to any order. 

7 APPENDIX: Elliptic functions and integrals 
7.1 Legendre and Weierstrass elliptic integrals 

The incomplete elliptic integrals of first, second and third kind in Legendre normal form are 

F{z,k)= / = (7.1) 

Jo V(l-t2)(l-A;2t2) 



Eiz,k) = \l^-^dt (7.2) 
n(^,z/,fc)= r — ^ , , (7.3) 

In place of Legendre's integral of third kind, Jacobi introduced a modified version, namely 



Iij{z, V, k) = y i^^JK^i_^[n(z, u, k) - F{z, k)] (7.4) 

Jacobi's integral enjoys a great many formal advantages over Legendre's, for a detailed 
discussion in the Legendre formalism frame see e.g. [M]. The parameters z, k and v are 
termed amplitude, modulus and characteristic, respectively. The corresponding complete 
integrals are obtained by putting the amplitude equal to 1: K{k) = F(l, k), E{k) = E{1, k), 
n(z/, k) = n(l, z/, k) and U J {u, K{k)) =11^(1,//, k) (we will justify later on this last notation). 
K{k) arises from integrating the elliptic abelian differential form around one of the canonical 
cycles of the Legendre elliptic curve. The integral around the other canonical cycle yields 
iK{k'), with the complementary modulus k' satisfying k"^ + k'"^ = 1. The simplified notations 
K{k) = K, K{k') = K', etc. are sometimes used. 

In the Weierstrass theory the role of the incomplete elliptic integrals is played by 

— = « + C (7.5) 
rlX 

X— = au) + C (7.6) 

'ln4^-nC(«o)+C (7.7) 



X -Xo2Y 2 a(u - uq) 
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where C is an indefinite integration constant, {X^Y) and (Xo,lo) ^'^^ points on the Weier- 
strass curve Y"^ = — g2X — g^, u and Uq are the corresponding points on the Jacobian 
variety, and <j{u), ({u) are the Weierstrass sigma respectively zeta pseudo-elhptic functions. 
The expressions on the r.h.s. are obtained by substituting X and Y with the corresponding 
Weierstrass elhptic functions, i.e., 



X = p{u; Ag2, igs 



2Y = p'{u;Ag2A93) 



(7. 



The derivation of the first two expressions is fairly straightforward and standard. The 
derivation of the third one requires the use of a variant of the addition theorem of the 
Weierstrass ^-function. 

The corresponding complete integrals are obtained by integrating in the complex X-plane 
along the closed countours Fi, surrounding the roots 62 and 63, surrounding the roots 63 
and 62 and Fs, surrounding the roots 62 and ei, or, more precisely, on the Jacobian, from 



u 



U2 to — cus, from u = cu^ to —UO2 and from m = 0^2 to — cui, respectively. We get 



2uJi 



dX 

X = 2rii 

2Y ' 

Yo dX 

X-Xn2Y 



Uq UJi 



dcf 



2TTi{Xo 



(7.9) 
(7.10) 
(7.11) 



where Uq is the image of {Xq,Yq) through the Abel-Jacobi map and i = 1,2,3. Equation 
07. lip follows by way of the monodromy property of the Weierstrass cx-function in the r.h.s. 
of fl7.7p . The notation 7rj(Xo) is not quite rigorous, a more appropriate one would be for 
instance 7rj(Xo, Yq) or 7rj(uo). Nonetheless, for simplicity reasons as well as for other practical 
reasons soon to become clear, we use it in this form, but with the implicit caveat that it 
conceals a sign ambiguity. Clearly, only two out of three integrals of each set of integrals 
are independent, as Ui + lj2 + UJ3 = 0, rji + ri2 + rj^ = and 7Ti{X) + 7r2(X) + 7r3(X) = 0. 
In line with the usual notation conventions ui =00,003 = uj' , rji = t], 7]^ = rj' we also denote 
7ri(X) = vr(X) and vr3(X) = vr'(X). The integrals u and u' respectively rj and 77' are termed 
half-periods and half-quasi-periods because, for any m, m' G Z 



p{u + 2muj + 2m' uo') = p{u) 

C{u + 2mu} + 2m' uo') = ({u) + 2mrj + 2m' rj' 



Based on Legendre's identity 



uo uo 
duo') C(^) 



TT 

i— 
2 



one determines that 



u 



u + 2muo + 2m uo 



7r(X) — ^ 7r(X) + mm' 
7r'(X) — > 7r'(X) - i-nm 



(7.12) 
(7.13) 

(7.14) 
(7.15) 
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t^u (7.16) 



This means that tt{X) and vr'(X) are not elhptic functions. Legendre's identity can be also 
used to show that 

n'iX) niX) 
for any X = p{u). 

The connection between the complete integrals in the Weierstrass and the Jacobi theories 
is given by the following formulas 

K = ^uj (7.17) 
E = 1±^ (7.18) 

Uj{v,K) = 7,{X)+i'^ (7.19) 

where X is related to v as in equation fl5.20p . Similar relations hold for the corresponding 
primed quantities. Equations ( 17.18P and ( 17.19^ can be proved by performing the following 
changes of integration variable in (17. 2p and fl7.4p : = u/k"^ respectively t"^ = 1/i/, with 
i> = (X — es)/{ei — 63). Note that had we defined vr(X) as an integral from X = 00 to ei 
instead of from X = 63 to 62 then it it would have been precisely equal to Jacobi's integral 

7.2 Jacobi's elliptic integral of third kind in Weierstrass form 

Let us get a bit more specific than in (17. 7p and define the elliptic integral of third kind in 
Weierstrass form by 

In terms of Weierstrass elliptic functions, 

-(X„X2) = iln^^^^i±^-n,C(n2) (7.21) 
2 a[u2-ui) 

Alternatively, based on the representation formula for the Weierstrass a-function in terms 
of Jacobi theta functions, one obtains the remarkably similar theta-function formula 

7r(Xi,X2) = -In— V~^iT7 V 

with 

.„ = p (7.23) 

2 u 

and the standard definition for q. Derivatives with respect to the first argument of the theta 
functions are denoted, conventionally, with primes. A more rigorous notation for the integral 
(I7.20p would be 7i{ui,U2). Note for instance that, since a{u) and ({u) are odd functions, 
then so is 7r(ui,M2) in either argument. Also, under lattice shifts, one has 

U2 — >U2 + 2uJi =^ 7r(Xi, X2) — > 7r(Xi, X2) (7.24) 

ui^ui + 2uJi ^ 7r(Xi, X2) — > 7r(Xi, X2) + 27ri(X2) (7.25) 
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The notation 7r(Xi,X2) is completely obscure if not misleading with respect to properties 
such as (17.251) . The careful reader is urged to use throughout n{ui, U2) instead of vr(Xi, X2), 
wherever the latter occurs in the text. 

The following interchange of amplitude and parameter formula holds 



7r(Xi,X2)-7r(X2,Xi 



Ml U2 



+ Z-Z- 



TT 



(7.26) 



Jacobi's integrals satisfy an addition theorem. To see that, consider a set of n + 1 points 
(Xi, Yi), ■ ■ ■ , (X„, Yn) and (X, Y) on the Weierstrass curve together with the corresponding 
points Ui, ■ ■ ■ , Un and u on its Jacobian and note that from (17.211) one has 



n 

5^7r(X„X) = -ln 



F{-u,Ui, 



,Ur 



1=1 



2 F{ u,ui, 



i=l 



with 



F{v,vi, 



n 



a{v - Vi) 



Now, provided that 



one has 



F(u,ui, 



,Ur 



n 

1 A(„)(m,M2, ■ ■ ■ ,Un) 



i=l 



with 



A(„)(mi, 



,Ur. 



{n - 1)! A(„_i)(m2, 
1 p{ui) p'{ui) ■■■ 



P 



(n-2). 



(7.27) 



(7.28) 



(7.29) 



(7.30) 



(7.31) 



1 p{Un) p'{Un) ■ 

The proof of equation (17.301) goes as follows [35]: for fixed Mi, ■ • ■ , m„, both 

F(m,mi, ■ ■ ■ ,m„)A(„_i)(m2, ■ ■ ■ ,Mn) and A(„)(m, M2, ■ ■ ■ , «„) 



are meromorphic functions in u with a pole of order n at m = and simple poles aX u = Ui, 
• • • , Un- Their ratio is therefore a first order elliptic function, and hence a constant in u. To 
compute this constant one uses that cr{u) = u + ■ ■ ■ , p{u) = + ■ ■ ■ and then compares 
the Laurent series of the two functions in a neighborhood of m = 0. 
In this case, equation (I7.27P becomes 



i=l 



A(„)( M,M2, ■ ■ ■ ,Mn) 



(7.32) 
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As the derivatives of p{u) are elliptic functions and so belong to the polynomial ring C[p, p'], 
then, based on the fact that adding a multiple of a column to another leaves a determinant 
unchanged, one can show that fl7.31l) is proportional to 



^{n){Xi, Yi, ■ ■ ■ , Xn, Yn) 



1 Xi Fi Xf FiXi Xf 



1 Xn Yn X YnXn X^ 



(7.33) 



Using this in equation fl7.32p . one obtains the addition theorem for the Jacobi elliptic integrals 
of third kind 



E/^ 1, '^(n)iX, —Y, X2,Y2, ■ ■ ■ , Xn,Yn) 

n{Xi,X) = -In^ 



(n) {X, Y, X2 , I2 - 



) -Xnj Yn) 



^=l - -(-n 

Note that (17.301) implies also the addition formula for the Weierstrass p-function 



A(„)(mi, • • • ,tt„) = 



or, equivalently, 



S(n)(-^l, Yi, 



) -Xnj Yn) 







(7.34) 



(7.35) 



(7.36) 



Setting the upper limit in (17.201) equal to ei yields the complete Jacobi integral of third 
kind, i.e., 

7r(ei,X) = 7r(X) + Z-z| (7.37) 

The ambiguity arises essentially because we define here vr(X) as an integral from X = 63 to 
62 instead of from X = 00 to ci. In the process of deforming the second path into the first 
one picks a residue from the pole at X. 

The complete integral has the following Weierstrass elliptic-function representation 



n{X)- 

and the theta-function representation 

7r(X) 



U UJ 



(7.38) 



(7.39) 



with V given in terms of u as in (17.231) . This last relation is just the well-known theta-function 
representation formula for the Weierstrass (^-function re-expressed in terms of 7r(X). 

An addition theorem holds also for the complete Jacobi integrals of third kind. Consider 
three points Ui, U2, M3 on the Jacobian, satisfying 



(7.40) 
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The corresponding points on on the Weierstrass curve are colhnear 

1 Fi 



X2 
X3 



Y2 

>3 







(7.41) 



The addition theorem for the Weierstrass (^-function together with the equation fl7.38p imply 
then that 



7r(Xi) + 7r(X2) + 7r(X3) = u 



Y1-Y2 



uo- 



LU- 



Ys-Y^ 



(7.42) 



Xi — X2 X2 — X3 X3 — Xi 

The ratios on the r.h.s. are equal (apart from the 00 factor) to the slope of the line determined 
by the three colinear points under consideration. Interesting particular cases of this addition 
formula are obtained by setting for example (X3, Kj) = (cj, 0) with i = 1,2, 3, in which case 
7r(X3) takes the values 0, —in/2 and +iTr/2, respectively. Such formulas have appeared in 
the nineteenth century mathematical literature in the guise of identities relating pairs of 
Legendre elliptic integrals of the third kind with characteristics u satisfying special relations, 
see e.g. 



7.3 Differentiation formulas 

Legendre's complete elliptic integrals have the well-known differentiation formulas 

E{k) - k'^K{k) 



dK{k) 
dE{k) 
dU{u, k) 



2k^k'^ 



-dk' 



E{k) - K{k)_^^, 



2k^ 



(7.43) 
(7.44) 



+ 



E{k)-k'^n{u,k) 
2(F - z/)fc'2 

[v - k^)K{k) - vEik) - (z/2 



fc2)n(z/, k) 



dv 



2z/(z/-l)(z/-F) ^^'^"^^ 

Based on these, we derive the following differentiation formula for Jacobi's version of the 
complete elliptic integral of the third kind 

2v{v - \)dK + \{v - \)K + E\dv 



dJlj{v,K) 



(7.46) 



2^ v[v - \)[v - k"^) 

This justifies the parametrization by v and K. Comparing with fl7.45p . one can see that 
whereas the derivatives of Legendre's integral of third kind with respect to its parameters 
depend on the integral itself, the derivatives of Jacobi's do not. 

On the Weierstrass side one obtains, by means of the relations f l7.17p through (17.190 . as 
well as the equations (17.431] , (I7.44p and (17.460 . the following set of differentiation formulas 



2g1uj-9g3r] Sg^u 
duj = — dg2 + 3- 



2A 



-dgs 



3g3UJ-2g2r] 2gluj - Qg^r] 
dr] = -g2 dg2 H — dga 



2A 



2A 



(7.47) 
(7.48) 
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and 

+ 2YA 

, (3X^ - 2g,){3g,uj - 2g,r]) - X{2gluj - 9g,r]) ^ 

+ 2YA ^ ^ ^ 

Note that the derivatives of vr(X) have again the remarkable feature that they do not depend 

on 7r(X) itself, and are, moreover, elliptic functions. Occasionally we may use the shorthand 
notations 

■n = and u = 7.50 

A A ^ ^ 

Incidentally, note that equations (17.471) and fl7.48p constitute the first step in a recurrent 
series. For any integer k > one has 

dujk = ^{~Vk+idg2 + [2 + {-lf]uk+idg3) (7.51) 

dVk = \{-92UJk+idg2 + [2-(-l)^-]%+ic/^3) (7.52) 



2 



where 



110 = 7] uo = uj (7.53) 





-1)13(73 2(72 W6A; + 1 
2gl [2 + {-lY]'igJ\ 6A; - 1 




(7.54) 



This is proved by induction. 

Observe that equations fl7.47p and (17.481) can be reverted to express dg2 and dg^ in terms 
of dr] and duj, which amounts to regarding (72 and (73 as functions of 77 and uj and not the 
other way around. From this perspective, vr(X) is then a function of X, r] and uj. Its partial 
derivatives with respect to this alternative set of variables, as results from substituting the 
reverted equations (I7.47l) - (l7.48p into equation (I7.49p . are given by 

dT^{X) = dX dr] du (7.55) 

where 

2g2r] - 3g3UJ 

^ = 1~2 Y ( '^•^6) 

3^7 — ^72^^ 

The Weierstrass roots Ci, 62 and 63 can be regarded as functions of the modular coefficients 
(72 and (73. As one can easily check by means of equations (I5.16P and (15.170 . their partial 
derivatives with respect to these variables are given by 

eidg2 + dg^ 

dei = 7 TT r 7.57 

(ei - 62) (ei - 63) 
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and permutations thereof. 

The Weierstrass roots can equally be regarded as functions of the period uj and the nome 
q. This dependence can be made in some sense explicit by means of the Jacobi theta-function 
representation formulas, which follow immediately from 



e,_e3=(^)^^t(0,,) 



e2-e3= (^)'tf5(0,,) (7,58) 

The partial derivatives of the roots with respect to uj are trivial to compute. The partial 
derivatives with respect to q can be computed by using the fact that theta functions satisfy 
the 1-dimensional heat equation to exchange each derivative with respect to the elliptic 
modulus on a theta constant with a double derivative with respect the first argument of the 
corresponding theta function, evaluated at zero. By resorting to the equations (17.581) and the 
theta-function representation formulas (17.611) . one can re- write the resulting theta-function 
expressions in terms of the roots. In the end, one obtains 

duj 1 2 \ ^ (Iq 

dei = -2ei h - I - I uj [(d - e2)(?7 + esu) + (d - e3)(?7 + eacu)]— (7.59) 

UJ 6 y-K J q 

and the permutations thereof. 

7.4 Theta-function representation formulas 

Differentiating equation (I7.39P with respect to v and using the fact that X = p{u) = —('{u), 
we get 

uj{r] + Xuj) = -(^^) —\nM^,q) (7.60) 

Setting then in turns X = ei, 62, 63 corresponding to which v = n/2, —(1 + r)7r/2, t'k/2 
respectively, and then making use of the well-known quasi-periodicity properties of the theta 
functions yields 

f , ^ /^7r\2 ^?"+i(0,g) 

with z = 1, 2, 3. Equations (I7.60p and (17.611) can be interpreted as theta-function represen- 
tation formulas for X and the Weierstrass roots, respectively. For rj one has ^36j 

' 12uj ^[{0,q) ^ ' 

The logarithmic derivatives of Jacobi's theta functions have the following Fourier series 



36 



expansions (see e.g. 



















^3 




^3 








^4 





cotf + 4N --sin(2nf) 



n=l 

oo 



°° 2n 

-tant; + 4 ^(-)" ^ sin(2rat;) 



71=1 



n=l 

oo 



n=l 



2n 



sin(2nf ) 



(7.63) 



By differentiating the last three relations with respect to v and then setting f = we obtain 
the g-series representations 



^2(0, g) 
^2(0, g) 

^3(0,9) 
^3(0, g) 

79^'(0,g) 



n=l 



n=l 
00 

n=l 



n- 



1 - g^' 



2n 



i2n 



(7.64) 



+ 24^n- 



^2n 



i2n 



(7.65) 



794(0, g) 

The g-series expansion relevant for 77 is [36 

791(0, g) ^-r 

7.5 Modular transformations and g'-series expansions 

The Jacobi theta-functions of nome q = exp(i7rr) and those of complementary nome q' = 
exp(i7rr') with 

t' = -- (7.66) 



are related as follows (see e.g. [36]) 

i^^{v,q) = y^e*"'^'/"79i(r't;,g') 
^2{v,q) = V^e'^'^'/^^^{T'v,q') 
Uv,q) = V^e'^'^"/^Mr'v,q') 
Mv,q) = V^e'^'^'/^MT'v,q') 



(7.67) 
(7.68) 
(7.69) 
(7.70) 



This set of relations allows one to derive the modular transformation properties of any theta- 
function-dependent quantity. For instance, the Weierstrass coefficients g2 and g^ admit the 
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following tlieta-function representation formulas 



92= (^) [^2^°' ^)'+ ^3^°' ^)'+ ^^-^^^ 



^?3 = ^ l^j [^2(0,gr+^3(0,g)1[^3(0,gr+^4(0,gn[^4(0,g)^-^2(0,g)1 (7.72) 

Using the equations (17. 671) - (17. 701) with v set to one can easily show that they remain 
invariant under the modular transformation fl7.66p . i.e., 

92=1 {^y[MO,qr+MO,Qr+MO,qr] (7.73) 

93 = ^ (^)'[^2(o, qr+ ^3(0, g')1 [^3(0, qr+ Mo, qT] [Mo, qT-Mo, qT] (7.74) 

On the other hand, quantities such as rj and 7r(X) transform non-trivially under this mod- 
ular transformation. Their theta-function representations are given by equations fl7.62p and 
( I7.39p . The corresponding primed quantities have similar representations 

" Uiv' #i(0,g') ^^-^^^ 

and g'-expansion formulas given by the equations fl7.65p and fl7.63p with q replaced by q' and 
V by t'v. Using the equations ( 17.67p -( !7.70p one can show then that the modular transforma- 
tion rules for r] and vr(X) under (17.661) are given precisely by the Legendre relations (17.141) 
respectively (I7.16p . Their g'-series expansions follow immediately from these. 
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